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     Abstract This study explains the natural convection of viscous fluid flowing on semi-infinite vertical plate. A set of 
the governing equations describing the continuity, momentum and energy, have been reduced to dimensionless forms by 
introducing the references variables. To solve the problems, the equations are formulated by explicit finite-difference in 
time dependent form and computations are performed by Fortran program. The results describe velocity, temperature 
profiles both in transient and steady state conditions. An approximate value of heat transfer coefficient and the effects of 
Pr on convection flow are also presented.  
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I. INTRODUCTION 
Free convection heat transfer occurs whenever a body is placed in a fluid at a higher or lower temperature than 
that of the body. As a result of the temperature difference, heat flows between the fluid and the body and causes 
a change of the density of the fluid layers in the vicinity of the surface. The difference in density leads to 
upward flow of the lighter fluids Fig. 1a, and downward flow of the heavier fluids Fig. 1b. Heat transfer 
mechanism caused by differences in density resulting from temperature gradients is called free or natural 
convection. In engineering applications, energy transfers by natural convections are such as heat transfer from 
steam radiators, refrigeration coils, heating elements etc.  
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II. THEORY 
The governing equations for laminar natural convection on a vertical, isothermal surface are derived by defining 
a differential control volume within the boundary layer as shown on Fig, 1. The continuity and energy are 
identical in both natural and forced convection. However, a body force caused by a density variation within the 
boundary layer appears as driving internal force in the momentum equation.   According to [1]-[3], [6], the y-
component of equation of momentum is eliminated because the velocity component in y direction is quite small, 
that is, that the fluid moves almost directly upward.  A two dimensional laminar unsteady flow of a viscous, 
incompressible fluid past a semi infinite vertical plate is considered. At time t > 0, the temperature of the plate is 
suddenly raised to Tw and is maintained at the same value with time. It is assumed that all fluid properties are 
constant except that the influence of the density variation with temperature is included in the body force term. 
Fig. 1 Natural convection from a hot and a cold vertical surface 
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Under the usual Boussinesq approximation [4], the governing conservation equations for continuity, momentum 
and energy near the vertical plate are given by:     
Continuity: …… ………………………….…………….…………..(1) 
x-Momentum: ………………………….(2) 
Energy:  ……………………………….…………….….(3) 
Initial condition, 
t = 0 u = v = T = 0 
Boundary conditions,         .………………………………………… (4) 
y = 0 u = v = 0 T = Tw 
y→ ∞ u→ 0T→ Tw 
Because of the complexity of the equations of momentum and energy, then the utility of using dimensionless 
groups are needed. In such correlations, variables are combined into a few dimensionless parameters; hence the 
number of variables to be studied is reduced.  Now introduce the following dimensionless variables [2,5] 
Length : ; length reference,   
Velocity: ;       . ..……………(5a) 
Time: , time reference,  =  
Temperature:    
Dimensionless variables can also be written as follows,  
Length :   
Velocity:               ….………………………(5b) 
Time :    
Now convert all the terms in continuity, x-momentum and energy equations  into dimensionless term using 
dimensionless variables in equations (5), as follows: 
(i) Continuity equation,  
;   
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;  
The new terms  dan    are substituted into equation (1),  
  
By omitting   , we found the dimensionless continuity equation is as follows,  
 +  
(ii) X-momentum equation,  
  
   
 =   
   
= =  
=  
The new terms   are substituted into equation (2) 
  +       
By omitting we found the dimensionless momentum equation is as follows: 
=  
(iii) persamaan energy,  
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=   
  
=  
The new terms:   are substituted into equation (3),  
  
  
or,  
 +    +  
By omitting   we found the dimensionless momentum equation is as follws: 
 =  
  
We obtain three equations in dimensionless form: 
Continuity:  …………………………………………………………..(6) 
Momentum: …………………………………………(7) 
Energy: ………………………………………..……….(8) 
Dimensionless initial and boundary conditions are,  
 = 0:  U = V =  = 0 
X = 0: U = V =  = 0   .……………………………………………..(9) 
Y = 0: U = V = 0,  = 1          
Y = :  U = V =   0 
 
III. SOLUTION PROCEDURE 
The governing equations (6-8) under the initial and boundary conditions (9) are unsteady and non-linear are now 
solved numerically by employing explicit finite-differential method as describe in references [1,7]. The finite 
difference equations corresponding to equations (6-8) are as follows 
 
 
 
 
 
 
ISSN: 2319-5967 
ISO 9001:2008 Certified 
International Journal of Engineering Science and Innovative Technology (IJESIT) 
Volume 2, Issue 6, November 2013 
 96 
…………………………………………………………(10) 
  
………………………………………………………….(11) 
  
………………………………….…………………..………(12) 
Since an explicit procedure is being used then we have to consider the maximum permissible time-step size 
which should not exceed the following stability criterion [1]: 
 , then 
 or 
 ……………………………………………………………………….(13) 
The space under consideration must be restricted to finite dimensions as shown on Fig. 2. Here, a plate height 
Xmax = 100 and Ymax = 25 have been considered. The number of grid points have been taken m × n = 10 × 10  
grid points,  so that X = 10, Y = 2.5. For the safety of using the required time step for air of Pr = 0.72 we 
select the smaller grid size  Y = 2.5 and    1.125. For low melting point  metals [8] 
with Pr = 0.003 ÷  0.02, the value of  
 
 
 
 
 
 
 
IV. RESULTS 
 
The explicit equations (10), (11), (12) with the initial and boundary conditions (13) were solved for unsteady 
state and take  for air. Fig. 3 and 4, show the histories of temperature and velocity at a specific point of 
X and at four difference Y points. Both the histories increase with time and then constant to a steady state value. 
It is observed that the time necessary to reach the steady state is .  The heat transfer coefficient may be 
evaluated from Fourier’s law and Newton’s law of cooling,   
Fig.  2 The space grid 
i = m 
i= 0 
j = n j = 0 
(i,j) 
X 
Y 
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From [8], at the surface of the plate  , 
Then    
If the two side of the equation are multiplied by the length reference , we found the new relation, 
=  
atau   . The term  =  =  
For air Pr = 0.72;   = 0.48 × 0.67 = 0.322. The variable h on this equation is 
local heat transfer coefficient. The average heat transfer coefficient  along the length of the plate from x = 0 to 
x = L can be found by integrating  
 = =  0.322 ,  
 =  =  
Then  = …………………………………………..…………….……………..(14) 
Empirical formulas for air in natural convection, such as those given in [3,8],    = 0,590   then for 
the air  become  = 0,590   = 0.543  which gives 20.8%  larger  than the Nusselt in 
equation  (14).   
 
 
 
 
 
 
 
 
 
 
Fig.  3 Transient temperatures at various position of Y for air 
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This is because of the difficulty in measuring heat transfer by natural convection, since the fluid in the 
environment disturb the natural flow in boundary layer. Figure 5 and 6 show the transient velocity and 
temperature profiles at specific position.  Both the profiles increase with increasing time , but at large values of 
time , the shape of the profiles are not  significantly affected and the steady state conditions are reached.  
 
 
From Fig. 5, we observe that the velocity component U increases near the vertical plate, attains a maximum, and 
then decreases to its free stream value in conformity with the boundary.  The temperature  decreases 
monotonically away from the plate. 
Fig. 5 Transient velocity profiles at specific position of X 
Fig. 4 Transient velocity at various position of Y for air 
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Figure 7 show transient velocity at specific Y position and at various X position levels. It is observed that the 
velocity curves increase with time, furthermore they are not significantly increase and reach the steady state 
time approximately at  . 
 
Fig. 8 shows the transient temperature with several of Prandtl numbers Pr. It may be noted that Pr increase then 
viscosity increase, but thermal diffusivity decrease. This will reduce the propagation of heat away from the plate 
wall, as a consequence the time taken to reach steady state increases. The thermal boundary layer thickness 
reduces with increasing Pr.  
Fig. 6 Transient temperature profiles at specific position of X 
Fig. 7 Transient velocity at various position of X 
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Fig.  9 and 10 show the effect of Pr on velocity and temperature profile on steady state. As in general, an 
increase in the Pr results a decrease of the thermal boundary layer thickness and lower average velocity and 
temperature within the boundary layer 
 
 
 
 
 
 
 
 
 
 
On the other hand, if Pr is smaller, the thermal conductivity of the fluid will increase, and therefore heat is able 
to diffuse away from the heated surface more rapidly. Hence, as Pr decreases the velocity and temperature 
profiles increase.     
Fig. 8 Transient temperatures at various values of Pr 
Fig. 9 Velocity profiles in various values of Pr at steady state 
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Fig.  11 and 12 show the velocity and temperature profile at various X positions in steady state. Both of the 
profiles increase with increasing of positions X.  
 
 
 
Fig. 10 Temperature  profiles in various values of Pr at steady state 
Fig.  11 Velocity   profiles in various values of Pr at steady state 
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From group of variables in equation (5), the dimensionless length   or 
. To increase the X position means to increase Grashof number Gr. The greater value 
of Gr is equivalent to increase the buoyancy term (gβΔT) and hence the velocity and the temperature profiles 
will also increase.   
V. CONCLUSSION 
 Base on the analysis, average Nusselt  number of  natural convection on vertical plate 
for air   = 0,430  , it values is less than 20.8 % from empirical result given in 
the references 
 Transient velocity and temperature increase with increasing time, but at large values 
of time , it is not significantly affected and reach the steady state approximately at s 
= 22. It is noted that steady state time s, increase with increasing Pr.   
 Velocity and temperature profiles decrease with increasing in Prandtl number Pr.  
 Steady state velocity and temperature profiles increase with increasing in X position 
 
NOMENCLATURES 
g acceleration due to the gravity, m/s2 
Gr Grashof number 
h  heat transfer coefficient, W/m
2
 K 
  ave. heat transfer coefficient, W/m
2
 K 
i, j  index  
k  thermal conductivity, W/m K 
Lo  reference length, m 
Pr  Prandtl number 
t  time, s 
Δt  time step, s 
Tw  wall temperature, K 
u, v   velocity components along x, y , m/s 
U, V  dimensionless velocity components 
   value of U, V at the end of a time-step 
 
ΔX, ΔY dimensionless grid size 
x, y  coordinates, m 
X, Y  dimensionless coordinates 
 
Greek symbols 
 thermal diffusivity, m2/s 
β volumetric coefficient of expansion, 1/K 
 dimensionless temperature 
         value of   at the end of a time-step 
Fig.  12 Temperature profiles in various values Pr at steady state 
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 kinematic viscosity, m2/s 
r density, kg/m3 
 dimensionless time 
Δ         dimensionless time step 
o reference time, s 
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